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Abstract
We investigate the parameter distributions of the viable generalized scalar-tensor theory with
conventional dust matter after GW170817 in a model-independent way. We numerically construct
the models by computing the time evolution of a scalar field, which leads to a positive definite
second-order Hamiltonian and are consistent with the observed Hubble parameter. We show the
model parameter distributions in the degenerate higher-order scalar-tensor (DHOST) theory, and
its popular subclasses, e.g., Horndeski and GLPV theories, etc.. We find that 1) the Planck mass
run rate, αM , is insensitive to distinguish the theories. 2) the kinetic-braiding parameter, αB ,
clearly discriminates the models from those of the Horndeski theory, 3) the parameters for the
higher-order theories, αH and β1, are relatively smaller in magnitude (by several factors) than αM
and αB , but can still be used for discriminating the theories except for the GLPV theory. Based
on the above three facts, we propose a minimal set of parameters that sensibly distinguishes the
subclasses of DHOST theories, (αM , αB − αM/2, β1).
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I. INTRODUCTION
As observed, our Universe is currently undergoing the phase of the late-time accelerated
expansion [1, 2]. The challenge is finding the appropriate model or theory for explaining all
observed phenomenons concurrently with theoretical consequences. The general relativity
(GR) with the addition of cosmological constant, Λ, and cold dark matter can successfully
explain the majority of the cosmological observational data with a minimum set of six
parameters [3, 4], called Lambda Cold Dark Matter (ΛCDM) model. The ΛCDM model
accommodates the cosmological observations with high precision that we call it the standard
model of cosmology.
In the ΛCDM model, the tiny cosmological constant is responsible for explaining the
present cosmic acceleration, which introduces the well-known cosmological constant (CC)
problems (see review [5, 6]). The possible alternative explanations to the cosmic acceleration
are i) replacing the cosmological constant by a dynamical scalar field as dark energy (DE)
(e.g. quintessence [7], k-essence [8, 9]), or ii) introducing a modified gravitational coupling
which differs from GR at cosmological distance, known as the modified gravity (MG) [10–14].
The degenerate higher-order scalar-tensor (DHOST) theory is claimed to be the most
general class of a scalar-tensor theory with a propagating scalar and two tensor degrees of
freedom given under the general-covariance [15–19] [20] for the review. Many modified grav-
ity models, including the Brans-Dicke theory [21], f(R) gravity [11, 22], covariant Galileon
[23–25], Horndeski [26, 27], transforming gravity [28], and GLPV theory [29], are subsets of
the DHOST theory. Therefore it can be used as a generalized framework for testing gravity.
Since GR is well tested at the small scales, the scalar interactions on small scales should
be suppressed for the generalized scalar-tensor theories, called the screening mechanism.
It is known that in many of the viable DHOST theories, the Vainshtein screening breaks
down inside the matter sources, i.e., the gravitational laws are modified [30–35]. This is a
distinguished feature of the DHOST theory [36–38] that is not seen in the Horndeski theory
[39–42] even at small scales.
On the other hand, modifications of gravity often either change the speed or amplitude
damping of gravitational waves (GW) propagation, or both [43]. Therefore a GW is a new
powerful tool probing the modified gravity models. Lately, LIGO and VIRGO have detected
a lot of binary black holes merging events at a cosmological distance and several binary
neutron star mergers, including GW170817 [44]. Fermi and the International Gamma-Ray
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Astrophysics Laboratory have detected the associated electromagnetic transient, the gamma-
ray burst GRB170817A [45]. As predicted before [43, 46], these events, i.e., GW170817 and
GRB170817A, together allow us to put the constraint on the speed of GW propagation, cg,
with respect to the speed of light, c, |c2g/c2 − 1| . 10−15 [44, 45]. A large class of modified
gravity models subclassed in Horndeski or DHOST theories which changes the speed of
the GW propagation has been tightly constrained from the BNS merging observation [47–
56], and left the Horndeski theory with three and the DHOST theory with four arbitrary
functions.
In the effective field theory (EFT) description of the DHOST theory [57], that gives the
deviation from the ΛCDM model at linear level, the DHOST theory is expressed in terms
of six time-dependent parameters in the linear perturbations, i.e., αM,B,K,H,T and β1
1 The
condition cg = c constrains the tensor speed alteration parameter, αT tightly. The rest five
parameters, αM,B,K,H and β1, are the measures to the deviation from the ΛCDM model. The
constraint on the EFT parameters from the decay of gravitational waves into dark energy
fluctuations has been demonstrated in [58, 59]. However, a model-independent investigation
of DHOST theory consistent with the expansion history of the universe has not been studied
yet.
The knowledge on the distributions and correlations of the free functions of the DHOST
theory or its EFT parameters provides intimate knowledge, for analysing or forecasting
against the observation, especially cosmological surveys on the large scale structure [60–65]
and gravitational waves [66–69]. In contrast to that, the model distributions in the parameter
space of the Horndeski theory have been studied in [52, 70–72], the whole parameter space
of DHOST theory has not been yet investigated.
Therefore, in this paper, we will mainly focus on showing the correlations of the lin-
ear EFT parameters of the DHOST theory (cg = c) in a model-independent way. We
briefly summarize the DHOST framework after GW170817 in Sec. II, and introduce the
EFT parametrization of the DHOST theory in Sec. III. We explain the methodology and
the approximations used in our analysis in Sec. IV. The distributions of the models in the
space of the EFT parameters and the distinguishability of the subdivided theories in DHOST
theory are presented in Sec. V.
We use the metric signature (−,+,+,+), and set the speed of light to unity, c = 1. Greek
indices run from 0 to 3.
1 The parameter αL that appears in [57] is removed on purpose to avoid the complication induced by αL.
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II. DHOST THEORY AFTER GW170817
Let us consider the general DHOST action containing a metric tensor (gµν) and a single
scalar field (φ) [15, 16, 19],
S =
∫
d4x
√−gL , (1)
where the DHOST Lagrangian, L is defined as the sum of the following four parts,
L = Lg + Lφ + Loth + Lm , (2)
with
Lg ≡ F (φ,X)R , (3)
Lφ ≡
5∑
i=1
Ai(φ,X)Li , (4)
Loth ≡ P (φ,X) +Q(φ,X)2φ , (5)
whereX ≡ ∇µφ∇µφ, and F, P,Q,Ai are the arbitrary functions of φ andX . The Lφ contains
all possible contractions of a scalar field of the quadratic polynomial degree in second-order
derivatives of the scalar field, i.e., φµν with
L1 = φµνφµν , L2 = (2φ)2 , L3 = (2φ)φµφµνφν ,
L4 = φµφµρφρνφν , L5 = (φµφµνφν)2 .
(6)
The matter Lagrangian, Lm, is assumed to be minimally coupled to the metric, gµν . Here,
we are using the short hand notations φµ = ∇µφ, φµν = ∇ν∇µφ. The Lagrangian Loth also
known as kinetic gravity braiding [73, 74]. Note that, one can recover the standard GR by
setting F = 1/16piG, and P = Q = Ai = 0.
Among the degenerate classes of DHOST theory, only the dubbed class Ia does not suffer
from the gradient instability [57]. One could enlarge DHOST theory by adding the cubic,
quartic or quintic dependencies on φµν to the action (2). For fulfilling the constraint on
the speed of the GW, c2g = 1, independent of any background, A1 = 0 for the quadratic
polynomial degree of DHOST theory given in Eq. (2), and all cubic or higher polynomial
degrees should be vanished, hence not discussed here. Since we are interested in the theories
c2g = 1 in this paper, hereafter, we refer DHOSTc2g=1, GLPVc2g=1, Horndeskic2g=1 just as
DHOST, GLPV, and Horndeski theory respectively. The degeneracy conditions, which
4
ensures the absence of the Ostrogradsky ghost of the class Ia DHOST theory after the
GW170817 event are
A1 = −A2 = 0 ,
A4 =
1
8F
[
48FX
2 − 8(F −XFX)A3 −X2A23
]
,
A5 =
1
2F
(4FX +XA3)A3 ,
(7)
where FX = ∂F/∂X .
The corresponding Lagrangian of the Class Ia DHOST theory after GW170817 event is
LDHOSTc2
g
=1 = P +Q2φ+ F R + A3φ
µφνφµν2φ
+
1
8F
(
48FX
2 − 8(F −XFX)A3 −X2A23
)
φµφµνφλφ
λν
+
1
2F
(4FX +XA3)A3(φµφ
µνφν)
2 .
(8)
Viable (c2g = 1) GLPV theory can be identified within the above DHOST theory with the
following mapping (using GLPV notation of [29]):
F = G4 , A3 = −A4 = − 4
X
G4X , A5 = 0 . (9)
We call it as GLPV limit in rest of the article. Horndeski theory can be seen as a subclass
of a DHOST theory as well as the GLPV theory. Viable (c2g = 1) Horndeski theory can be
classified from Eq. (9) by further setting
F = G4 , FX = G4X = 0 , A3 = 0 , (10)
which restrict F = F (φ).
From Eq. (7), we find that
A5 = 0 , when


1
2F
= 0 : unphysical
or 4FX +XA3 = 0 : GLPV theory
or A3 = 0 : no graviton decay
It is discussed in Refs. [58, 59] that the constraint on the EFT parameters for avoiding the
decay of gravitational waves to dark energy perturbations is A3 = 0. We also investigate
this A3 = 0 subset of the DHOST theory, which has already studied in [34, 35, 37], and
named as A3eq0 in the rest of the draft (also see our discussion section VI). Please note
that GLPV would lead to the Horndeski when A3 = 0, and A3eq0 would lead to Horndeski
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when FX = 0. Therefore, GLPV and A3eq0 theories have the Horndeski theory in common,
but are extended to a different sets of models. The relation of the their EFT parameters is
discussed later in the Table I. We call Eq. (10) together with Eq. (9) as the Horndeski limit
in our remaining paper, and use the DHOST theory in Eq. (8) as our generalized framework
in this paper.
III. CHARACTERISTIC PARAMETERS
Modification of gravity can impact in both, background as well as perturbations. In this
section, we parametrize the cosmological perturbations in the DHOST theory, which capture
the modifications from GR in the linear perturbations. We adopt the low-energy single-field
EFT of DE and MG parametrizations which describes a cosmological background evolution
and the linear perturbations around it [31, 75, 76]. These minimal EFT parameters, αM , αK ,
αB, αH , and β1 represent the observational deviation of a model in the DHOST theory from
the ΛCDMmodel in the linear regime [57, 77]. In this article, we are considering the detuning
of the extrinsic curvature parameter, αL = 0 for the degeneracy class [57]. The excess tensor
speed parameter is set to αT = 0 since we consider the DHOST theory with cg = 1. It is
worth mentioning that αK,B,M parameters are shared with the Horndeski theory, but have
the terms that only appear in the DHOST theory. As discussed in the introduction that our
purpose here is to figure out the deviations of the DHOST theory from its largest subset
passes through the screening mechanism named the Horndeski theory [39–42]. Therefore,
our purpose here is to figure out the deviations from the Horndeski theory in the DHOST
theory. In order to see the deviations, it is convenient to express those EFT parameters into
two parts: For finding the deviation of the DHOST theory from the Horndeski theory, we
split the EFT parameters into two following parts,
αDHOSTM,K,B = α
Horn
M,K,B + α
res
M,K,B , (11)
where αHornM,K,B characterizes the Horndeski theory, and α
res
M,K,B characterizes the deviations
from the Horndeski theory, i.e., αresM,K,B = 0 gives the Horndeski limit in Eq. (10). We
compute the EFT parameters of the DHOST theory in Appendix. C and the expressions are
given below. The running of the effective Planck mass M∗ =
√
2F is given as
αM =
1
HF
dF
dt
= αHornM + α
res
M , (12)
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where
αHornM ≡
φ˙Fφ
HF
, (13)
αresM ≡
X˙FX
HF
. (14)
Here and hereafter, the dot in φ˙ denotes the time derivative with respect to the cosmic time.
The effective Planck mass unchanges in time when αM = 0. The parameter αM becomes
nonzero in general for modified gravity theories. The above expressions explain that αresM
has a similar structure for the GLPV, A3eq0, and DHOST theories.
The kinetic braiding parameter or mixing of the kinetic terms of the scalar and metric is
given by
αHornB ≡
φ˙(QXX + Fφ)
2FH
, (15)
αresB ≡
1
4FH
[
8HXFX + 4φ˙XFφX − 4φ˙φ¨ (3FX + 2XFXX)− φ˙φ¨X(5A3 + 2XA3X)
]
. (16)
Notice that the third and fourth terms of αresB vanish for the GLPV theory and while only
the fourth term vanishes for the A3eq0 theory. Therefore, the expression of the αresB = 0 is
different for the GLPV, A3eq0, and DHOST theories.
The parameter αK , commonly appearing in the EFT parameters, is also computed in
the DHOSTc2g=1 theory and denotes the coefficient of the scalar perturbation. Since we use
αK only for assessing the stability conditions throughout this paper, we omit the specific
expression of αK here (see Appendix. C for the explicit form of αK). Beside the aforemen-
tioned αresM,K,B, two additional EFT parameters associated to the deviations of the DHOST
theory from the Horndeski theory are αH and β1 expressed as
αH = −2XFX
F
, (17)
β1 =
X(4FX + A3X)
4F
. (18)
Notice that β1 = 0 for the GLPV theory, and β1 = XFX/F for A3eq0 theory. Therefore,
the GLPV, A3eq0 and DHOST theories traces different expressions for β1, while the same
expressions for αH .
The summary of the characteristic EFT parameters of the DHOST theory is displayed
in Table I. Note that setting β1 = 0 in the A3eq0 theory also forces αH to zero and becomes
the Horndeski theory. It also confirms that both the GLPV and A3eq0 theories have the
Horndeski in common (ref. to section II) and extended to different sets of EFT parameter
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space in the perturbation levels. In Sec. V, we propose a method to distinguish the theories
within the DHOST theory via αM,B,H and β1.
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
Theory
cg = 1
arbitrary functions linear parameters
F (φ) FX A3
αM αB
αH β1
αHornM α
res
M α
Horn
B α
res
B
Horneskicg=1 " 0 0 " 0 " 0 0 0
GLPVcg=1 " " A3 = −4FX/X " " " " " 0
A3eq0cg=1 " " 0 " " " " " β1 = −αH/2
DHOSTcg=1 " " " " " " " " "
TABLE I. Distinction of the theories with cg = 1 by EFT parameters and arbitrary functions.
IV. NUMERICAL FORMULATION OF DHOST THEORY
The characteristic behaviors of the aforementioned EFT parameters can be understood
if one could find a cosmological solution of a scalar field, φ, and gravitational perturbations
of the full DHOST theory. Except for the exact solutions given in [36, 37], a cosmological
solution of the full DHOST theory for general arbitrary functions in all redshifts regimes is
unsolved yet. The full numerical solution has neither been studied nor been computationally
cheap. When it comes to study only on the range of the observable variables or the EFT
parameters, however, numerical optimizations would be found. The observationally viable
Horndeski models were studied in model-independent way in [52, 70, 72]. Here, we apply the
technique suggested in [52, 72] for the DHOST theory. First, we approximate φ as a function
in time, and the arbitrary free functions, P,Q, F,A3 by using Taylor series expansion without
solving the background Friedmann equations of the system. Then we will check the stability
and consistency with the observations of those solutions.
IV.1. Approximation of the scalar field and arbitrary functions
The challenge is to find the right parametrization for the evolution of the scalar field for
which the Taylor series expansion would be pertinent in the late time Universe as well as in
the early Universe up to the redshift z ∼ 1000 of the cosmic microwave background (CMB)
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last scattering.
A simple choice of the expansion argument of the scalar field φ is the inverse of the
redshift. Though that expansion works well only in high redshifts, z > 1, and diverges in
smaller redshifts. An alternative possibility of the Taylor expansion parameter is the scale
factor, a, which would work well for a ≤ 1. What the price of these parametrizations are
that the time evolution of the scalar field is non-trivially related to the scale factor a or z.
From the physical point of view, it seems not natural to use a or z for the approximation of
φ.
Then another possibility comes along with the expansion with the time variables, such
as the look back (LB) time. The evolution of φ in terms of the cosmic LB time, tLB(a) ≡∫ 1
a
da˜/H(a˜)a˜, works well in z < 1, while the cosmic LB time quickly converges around z = 1,
making few features of the time evolution of φ [52]. On the other hand, the conformal time is
also the local time variable in each cosmological epoch. The region of convergence would also
include the region z ≥ 1. Therefore, if we want the time evolution of the scalar field which
is valid for both regimes, the late-time (today) as well as the early Universe (z ∼ 1000),
then the automatic choice for the expansion of the scalar field evolution is the look back
conformal time, τLB,
τLB(a) =
∫ 1
a
da˜
H(a˜)a˜2
. (19)
To connect the model-predictions to observations, we would first perform the Taylor
expansion of the scalar field φ in the LB conformal time, and later express it and its time
derivatives in terms of the scale factor, i.e., φ(a) and φ˙(a). We assume that the scalar field
changes slowly in time in comparison to the time scale of the cosmic expansion so that we
can truncate the expansion at a finite order as
φ(τLB) =Mφ
{
b0 + b1H0τLB +
b2
2
(H0τLB)
2 +
b3
6
(H0τLB)
3
}
, (20)
where Mφ is the mass scale of φ at present. Notice that the range of bi is still arbitrary.
Here we keep up to the third order in τLB because we believe that even a relatively fast-
evolving solution like the tracker solution [37] is marginally included. The tracker solution
is φ˙ ∝ 1/H ∝ t, then φ ∝ t2. On the other hand, in the matter-dominated Universe,
since the conformal time and the cosmic time are related by τn ∝ tn/3, the tracker solution
(n = 6) might apparently look excluded in our expansion. However, we are interested in the
tracker solution after the late matter-dominated era (z ≤ 1) where the difference between
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the cosmic time and the conformal time is not large (only a factor of O(1)), the tracker
solution is practically captured by our expansion at the order of n = 2, even the scalings are
different.
By using the formula Eq. (B3) (see Appendix B for the detailed derivation), the evolution
of φ(a) is rewritten as
φˆ ≡ φ(a)/M˜φ = c0 +
3∑
i=1
ci(1− ai/2) . (21)
where M˜φ is given in Eq. (B5). We assign that the coefficients ci are utterly random in the
range [−1, 1]. Note that we are precisely sampling c(n)φ in Eq. (37) of [72].
FIG. 1. Time variation of φ with different ci(i = 0, 1, 2, 3) with the fixed H0 and Ωm0. H0 and
Ωm0 are set to the best fit values by Planck 2015 [4], H0 = 67.8 km s
−1Mpc−1 and Ωm0 = 0.3080.
Fig. 1 shows the evolution of φ(a) with respect to the redshift 1 + z = a−1. We see that
the scalar field evolves at low redshifts while converging to constant at high redshifts. Note
that this result is consistent with the picture such that the scalar field slowly changes in
time.
The dimensionless arbitrary functions as a function of time are
Aˆ(app)i ≡
A(app)i (φ,X)
Ai(ΛP ,ΛQ) = ai +
∑
ρ=φˆ,Xˆ
ai,ρρ+
∑
ρ,σ=φˆ,Xˆ
ai,ρσ
2
ρσ +
∑
ρ,σ,λ=φˆ,Xˆ
a,iρσλ
6
ρσλ , (22)
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where Xˆ ≡ −φ˙2/M˜2φH2. A(app)i (φ,X) with i = 1, 2, 3, 4 represent the DHOST theory func-
tions, P , Q, F , or A3, respectively. H0 is the Hubble constant of today. M˜φ and Ai(ΛP ,ΛQ)
are the normalization factors to make φ and A(app)i (φ,X) dimensionless,
A1 = Λ4P , A2 =
Λ4P
Λ3Q
, A3 = Λ
8
P
Λ6Q
, A4 = 1
Λ6Q
, (23)
where ΛP ≡ (M˜φH0)1/2 and ΛQ ≡ (M˜φH20 )1/3, respectively describing the dynamical energy
scale of φ and the cut-off scale of non-linearity of φ at the present Hubble scale, H0. Note
that the cosmic acceleration realizes since E is at the order of the cosmic critical density,
M2plH
2
0 .
The above expressions are valid for the both, the late and early Universe. The model
coefficients, ci (i = 0, 1, 2, 3) and ai (i = 1, 2, 3, 4), are the inputs in the numerical program,
which are randomly chosen in the range of [-1,1]. This choice of the range is motivated by
our normalizations in Eqs. (21) and (22). A particular set of values of ai (i = 1, 2, 3, 4)
in Eq. (22) represents a model within the framework of the DHOST theory, and a set of
ci in Eq. (21) represents the time evolution of the scalar field in that model. Given the
expressions of φ(a) and A(app)i (a), we would able to evaluate all EFT parameters, αM,B,H ,
and β1, mentioned in the previous section by using Eqs. (21) and (22).
These approximated scalar field evolutions do not guarantee that they all will satisfy
the equations of motion of the model. As a prescription for being consistent, we will filter
models by the conditions of i) theoretical stability and ii) observational constraint explained
in the next subsection.
IV.2. Filtering through the consistency and stability conditions
We check the following consistency and stability conditions at redshifts, z = 0, 0.1, 0.5,
1.0, 1.5, and 2.0, where the constraints on the Hubble parameter exist [78]. In the following
approximations, we use the Hubble expansion rate of the ΛCDM model,
HΛCDM = H0
√
Ωm0a−3 + 1− Ωm0 , (24)
with H0 = 67.8 km s
−1Mpc−1 and Ωm0 = 0.3080 from [4], which is the same as in Ap-
pendix. B.
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(i) Consistency conditions: In the previous section, we arbitrarily produced the nu-
merical solution of φ without solving the Friedmann equation. Therefore, we will filter only
the models which can consistently produce the Hubble parameter, H , and its time variation,
H˙ , within the observational error, 20% deviation from the ΛCDM model (Table I of [78]).
We substitute HΛCDM and φ(τLB) in the right-hand sides of Eqs. (A1) and (A2) which
give HDHOST and H˙DHOST. Then we check two following consistency filters for the Hubble
parameter(FH) and the derivative of the Hubble parameter (FdH),
FH :
∣∣∣∣1−HDHOST/HΛCDM
∣∣∣∣ < 20% , (25)
FdH :
∣∣∣∣1− H˙DHOST/H˙ΛCDM
∣∣∣∣ < 20% . (26)
These consistency conditions guarantee the evolution of φ(τLB) within the observational
ranges of the Hubble parameter and its changes. In particular, we verified that the filtering
condition on H˙ effectively excludes relatively-fast evolving models.
(ii) Stability conditions: For ensuring the linear scalar and tensor perturbations are
free from ghost and gradient instabilities, we pass through the stability conditions [36],
Aζ˜ +
ρm + pm
M2∗H
2
ΛCDM
3β1(2 + 3c
2
mβ1)
(1 + αB − β˙1/HΛCDM)2
> 0 ,
Bζ˜ +
ρm + pm
M2∗H
2
ΛCDM
(
1 + αH + β1
1 + αB − β˙1/HΛCDM
)2
< 0 , M2∗ > 0 . (27)
All the aforementioned quantities are derived and defined in the Appendix C (see Eqs. (C20)
and (C21)). Please note that the inclusion of matter changes the stability conditions, since
matter itself may introduce the instability. Linear stability may also depend on the chosen
basis of scalar perturbations and particularly on nonzero αH and β1. Detailed discussion is
in Appendix C.
V. DISCRIMINATING THEORIES VIA THE DISTRIBUTIONS OF CHARAC-
TERISTIC PARAMETERS
In this section, we will demonstrate the correlations among the characteristic parameters;
αM , αB, αH , and β1, introduced in Sec. III, and present the model distributions in the
parameter space as a function of redshifts z by using the numerical techniques explained in
the previous section IV. The model distribution is shown for each subgroup of the DHOST
theory summarized in Table I and is interpreted based on the order-of-magnitude estimation.
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V.1. Time evolutions of characteristic parameter distributions
V.1.1. Distribution of αM
FIG. 2. The model distribution in αM at z = 0 with the bin size ∆αM = 0.01. The solid color
lines represent Horndeski (blue), GLPV (orange), A3eq0 (green), and DHOST (red), respectively.
This is the enlarged version of the top left panel in Fig. 3.
By using the expansions of φˆ and Aˆ(app)i in Eqs. (21) and (22), we get the order of the
αM from Eqs. (14) and (12),
αHornM =O(|Xˆ|1/2) , αresM = O(|Xˆ|) , (28)
αM = α
Horn
M
(
1 +O(|Xˆ|1/2)
)
(29)
≃ αHornM since |Xˆ| ≪ 1. (30)
Since the order of αM of the DHOST theory is the same as the Horndeski theory, αM
parameter is almost identical. Indeed, the indistinguishability of αM is confirmed from the
distribution of αM at all different redshifts, z = 0 , 0.1 , 0.5 , 1 , 1.5 , 2.0 in the Figs. 2 and 3.
Figs. 2 and 3 show that αM has a peak around αM ∼ −0.5 at all redshifts. The negative
value can be intuitively interpreted from the energy balance of the Friedmann equation in
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FIG. 3. The model distribution in αM at different redshift from z = 2.0 to z = 0 with the bin size
∆αM = 0.01. The colors are the same as in Fig. 2
(A3). The energy density of DHOST theory from Eq. (A1) is
E = Veff +O(|Xˆ|)M2plH2 , (31)
with Veff ≡ V (φ)− 3M2∗H2αHornM . (32)
The potential V (φ) is the sum over the φ dependence terms in E . By inserting the above
approximated E into Eq. (A3), the Friedmann equation becomes
1 =
Veff
3M2∗H
2
+
ρm
3M2∗H
2
+O(|Xˆ|) . (33)
The matter density is negligible during the cosmic acceleration, resulting in Veff ∼ 3M2∗H2.
Because the models are drawn by random coefficients, all terms in Veff are equally significant
at the same order in Xˆ, ending up with −3M2∗H2αHornM ∼ V ∼ 0.5Veff > 0. The negative
value of αM has already been encountered in our previous investigation of the Horndeski
theory [72] under the assumption of |Xˆ| ≪ 1. In summary, αM does not tell the difference
between DHOST theory from the Horndeski theory in the observations.
14
FIG. 4. The model distribution in αB with the bin size ∆αB = 0.01. The colors are the same as
in Fig. 2
V.1.2. Distribution of αB
In contrary, Fig. 4 shows that the theories are distinguishable in αB at lower redshifts,
while hardly distinguishable above z = 0.5. For all the theories, the locations of the peaks of
all the distributions at all the redshifts are almost identical, and biased toward the negative
side. In more detail, the distribution for the GLPV theory in orange is almost identical to
that of the Horndeski theory. The distributions of the A3eq0 theory in green and the DHOST
theory in red are widely scattered around the peak of the distribution of the Horndeski
theory. The reason of the above characteristics are understood from Eq. (15) as follows.
The first term of αHornB , φ˙QXX/2FH , is of the order of O(|Xˆ|3/2) and the second term
φ˙Fφ/2FH is exactly the same as α
Horn
M /2 and is of the order of O(|Xˆ|1/2). One can derive
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the order of the αB from Eqs. (15) and (16),
αHornB =O(|Xˆ|1/2) , αresB = O(|Xˆ|) , (34)
αB =
αHornM
2
(
1 +O(|Xˆ|1/2)
)
, (35)
The leading term of Eq. (35) is αHornM , which is negative. Therefore, αB is biased to the
negative values in Fig. 4. The difference in αB arises from the second term in Eq. (35), which
is of the order of O(|Xˆ|1/2). Earlier, we saw that the theories are hardly distinguishable in
αM . Therefore, the locations of the distribution peaks in αB are almost identical to αM/2.
αB for the GLPV theory is well similar to that for the Horndeski theory. This is due
to the hierarchy in the order of O(|Xˆ|) is different from A3eq0 and DHOST theory. Recall
A3X
2/F = O(|Xˆ|2) for all the theories we consider, leading φ˙φ¨X(5A3 + 2XA3X)/4FH =
O(|Xˆ|2). Since 4FX + A3X = 0 is necessary for the GLPV theory and φ¨ ∼ Hφ˙, we obtain
from Eq. (16) αresB = O(|Xˆ|2). As a result, αB for the GLPV theory, i.e., αGLPVB is peculiarly
expressed by
αGLPVB =
αHornM
2
(
1 +O(|Xˆ|3/2)
)
. (36)
Therefore, the GLPV theory is little ditinguished from the Horndeski theory.
We interpret the broader distributions of the A3eq0 theory and the DHOST theory with
the help of Eq. (35). The distributions of the two theories look like the superposition of
the two components: the principal component is, making the peak of the distribution in the
Horndeski theory, and the random component around the peak. It is worth noting that the
subleading contribution of αresB in αB is quantitatively larger than α
res
M in αM because the
dimensionless coefficients multiplied by the terms HXFX and φ˙φ¨FX in α
res
B are relatively
larger.
The variance of αM and αB decrease as a redshift increases, because the time evolution of
φ is slower at higher redshifts where matter starts to dominate, i.e., |Xˆ| ∝ φ˙2/H2 ∝ H−2/3,
and the magnitudes of αM and αB are roughly given by αM = O(|Xˆ|1/2) and αB = O(|Xˆ|1/2).
V.1.3. Distribution of extended Horndeski parameters, αH and β1
The models distributions in αH and β1 are shown in Figs. 5 and 6, respectively. At first
glance, αH is evenly scattered around zero for the three plotted theories. The A3eq0 and the
DHOST are distributed almost identically in αH . In the GLPV theory, the models are highly
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FIG. 5. The model distribution in αH with the bin size ∆αH = 0.01. The colors are the same as
in Fig. 2. We do not plot the Horndeski theory in which αH = 0.
concentrated around zero due to the condition for the GLPV theory, i.e., 4FX + A3X = 0.
Using this relation into the definition of αH in Eq. (17), we have αH = −2XFX/F =
A3X
2/2F = O(|Xˆ|2). Consequently, the models in the GLPV theory are peaked sharply
at αH = 0. For the other theories, A3eq0 and DHOST, αH = O(|Xˆ|) still keeps the
distributions peaked at αH = 0, in contrast to αM = O(|Xˆ|1/2) and αB = O(|Xˆ|1/2), merely
because of a higher order contribution.
The other parameter β1 is shown in Fig. 6 and has a subtle difference in the distributions
between A3eq0 and DHOST. This is because the function which discriminate A3eq0 and
DHOST is A3, whose term is always subleading in β1, e.g., A3X
2/F = O(|Xˆ|2). From
Eqs. (17) and (18), we obtain the relation
αH = −2β1 +O(|Xˆ|2) . (37)
After all, αH and β1 are dependent up to the order of O(|Xˆ|). The difference begins to arise
at the orders higher than O(|Xˆ|).
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FIG. 6. The model distribution in β1 with the bin size ∆β1 = 0.01. The colors are the same as in
Fig. 2. We do not plot the Horndeski theory and the GLPV theory in which β1 = 0.
We summarize the following remarks. For all the theories in Table. I, αM hardly tells the
differences among the theories via Eq. (29). In contrast, αB gives the significant discrim-
ination among the theories. This is because αresB contains multiple additional terms. αH
is generally O(|Xˆ|), and αH and β1 always correlates via Eq. (37). The terms associated
with A3 are subdominant throughout the features of αM , αB, αH , and β1. Interestingly, we
find specific features in the GLPV theory, αB ≈ αHornB and αH ≈ 0. These state that the
condition 4FX + A3X = 0 for the GLPV theory selects out a fine-tuned theory from the
DHOST theory as a model for the cosmic acceleration.
V.2. Correlations between characteristic parameters
We further investigate the differences among the theories via correlations among the four
characteristic parameters, αM , αB, αH , and β1. Since αH is approximated by −2β1 with the
difference at the order of |Xˆ2|, we study the correlations among three parameters, αM , αB,
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FIG. 7. Correlations among αM ,αB , and β1. The panels show the distribution of models in the
DHOST theory (left) and the A3eq0 theory (right), respectively. The cross points in magenta show
the distribution of the Horndeski theory, which is overlapped partially with the distribution of the
DHOST and A3eq0 theories.
and β1.
Figure 7 shows the model distributions in three dimensional parameter space composed
of αM , αB, and β1 in the DHOST and A3eq0 theories. Firstly, in the left panel, we confirm
that the distributions of αM and αB for different values of β1 in different colors are stretched
along the line whose inclination is approximately 2 and clearly form the layers in parallel
to a black line. In the right panel, the model distributions in the A3eq0 theory are shown.
The features discussed above on the left panel also hold on the right except for that the
distribution is slightly biased to smaller αB and smaller β1.
One can find the following relations by expanding the analytic forms of the αM , αB, and
β1 given in Eqs. (14), (15), and (18) up to the leading and next-to-leading orders in Xˆ .
O(|Xˆ|1/2) : αHornM = 2αHornB , (38)
O(|Xˆ|) : αresM =
2
3
αresB −
4
3
β1 . (39)
The inclination of the black line and the colored layers are originated from Eq. (38), which
is the leading order relation. The inclination of the stretched distributions coincides with
the coefficient in Eq. (39), which gives deviation from the Horndeski theory. The continuous
change of the color is characterized by the second term in Eq. (39).
The negative sign in front of the term 4β1/3 precisely explains that the larger (smaller)
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values of β1 locate at the top right (bottom left) by the fact that −4β1/3 is the intercept on
the αM axis. We could not distinguish them other than a slightly broadened distribution
of β1. However, the DHOST and A3eq0 theories indeed deviate from the Horndeski theory
(away from the black line). The domain of αB with β1 6= 0 is significantly distinguishable.
Discriminating the GLPV theories from the Horndeski theory is difficult, since αB ≈ αHornB ,
αH ≈ 0, and β1 = 0.
FIG. 8. The cumulative fraction of models as a function of αM .
Figures 8 and 9 show the cumulative fraction of models as a function of αM or αB for
each theory, respectively. In Fig. 8, more than 90% of the models for all the theories are
distributed in −1 < αM < −0.2, and there are few distinguished features in the shape of
the lines for the corresponding theories. On the other hand, in Fig. 9, we notice that the
model distributions in αB < −1 or αB > 0.5 is almost similar among the four theories, but
in the intermediate range, the distribution of the theories are clearly distinguished, except
for the similarity between the Horndeski theory and the GLPV theory, which is originated
from Eq. (36).
Theoretically, the difference of the Horndeski theory from the rest of the theories in
αB is characterized by α
res
B . By using the estimation in Eqs. (29), (38) and (39) and
considering the indistinguishability of the theories in αM , we find that αB − αM/2 is the
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FIG. 9. The cumulative fraction of models as a function of αB.
main component that discriminates the Horndeski theory from GLPV, A3eq0, and DHOST
theory. Since Eqs. (37) - (39) reduce the six parameters (αM , α
Horn
M , αB, α
Horn
B , αH , β1) into
three parameters, we conclude that (αM , αB − αM/2, β1) is a useful set of parameters to
discriminate the DHOST theory from the Horndeski theory.
V.3. Time evolutions of the principal parameters
Here we demonstrate the time evolution of the principal set of parameters (αM , αB −
αM/2, β1) in the filtered Horndeski and DHOST theories. We focus on continuous changes
of the parameters of each model in the redshift range of 0 ≤ z ≤ 5, where each parameter
starts to deviate significantly from zero and to accelerate the cosmic expansion.
Fig. 10 shows the time evolution of αM as a function of the redshift for the Horndeski and
DHOST theories. Although the αM evolution apparently looks monotonic and shows similar
shapes in both theories, it evolves differently in the low redshift. In Fig. 11, the measure of
the deviation of the DHOST theory from the Horndeski theory, αresM , shows oscillations at
z . 1 and approaches zero at z & 2. This low-z behavior of αresM eventually contributes to
broadening the ranges of the αM in the DHOST theory, especially at z . 1, as shown in the
right panel in Fig. 10.
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In Fig. 12, αB−αM/2 fluctuates at z . 2 and swiftly converges to zero at higher redshifts
for both theories. αB − αM/2 at z . 1 in the DHOST theory oscillates more rapidly with
larger amplitudes than the Horndeski counterpart, leading to the diversity of αB − αM/2
both in positive and negative directions.
In Fig. 13, β1 also oscillates at low redshifts and converses to zero at z & 2, though the
magnitudes of the oscillation are smaller than those of αB − αM/2.
The broadened feature in αM and the oscillatory ones in αB−αM/2 or β1 are sourced via
X or X˙ in Eqs. (14), (16), and (18), which are generally expected in the DHOST theory while
little in the Horndeski theory. Particularly, the oscillatory feature is generated through X
dependence of F (φ,X), which does not appear in the Horndeski theory after setting cg = c.
In particular, αB−αM/2 significantly distinguishes the Horndeski theory and the DHOST
theory in their redshift evolution.
FIG. 10. The time evolution of αM in Horndeski theory (left) and DHOST theory (right). 10 of
104 generated models for each theory are arbitrarily selected. Note that the colors in the left and
right figures do not correspond.
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FIG. 11. The time evolution of αresM in DHOST theory are plotted in the range of redshift 0 ≤ z ≤ 5.
The color corresponds to the same models as in the right panel of Fig. 10.
FIG. 12. The time evolution of αB −αM/2 in Horndeski theory (left) and DHOST theory (right).
The color corresponds to the same models in each theory as in Fig. 10.
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FIG. 13. The time evolution of β1 in DHOST theory. 10 models of 10
4 generated models are
arbitrary selected. The color corresponds to the same models as in Fig. 10 and Fig. 12.
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VI. DISCUSSION
In the following discussion, we comment on the impact of our results on the existing
parameterization, and constraints on the DHOST theory.
• The condition for evading graviton decay obtained in [58] is A3 = 0, i.e, αH + 2β1 =
0. Indeed the A3eq0 theory is precisely the theory when we apply the constraint
from the no graviton decay. However, the impact of graviton decay constraint is
very insignificant, at least at cosmological scales, when the DE field is rolling slowly.
Because, the terms associated to A3 in αB in Eq. (16) and β1 in Eq. (18), are very small
which is the order of O(|Xˆ|2) under the slow-rolling assumption, |Xˆ| ≪ 1. Indeed,
Fig. 7 shows that the difference between A3eq0 (right) and DHOST (left) theories are
very insignificant, i.e., A3 = 0 leads to a slight shift towards the left in the distribution
of the model parameters.
• The remaining DHOST models after the constraint of the no graviton decay (αH +
2β1 = 0) are principally characterized by αM , αB − αM/2 and β1. Let us mention
the current constraints on the present values of these parameters. αM is currently
bounded at small scales; |αM | = O(10−2) [79–81], only when the screening mechanism
are realized. αM and αB has been constrained in the Horndeski theory at cosmological
scales [71, 82–84], typically |αM |, |αB| = O(10−1), whereas has yet to be constrained in
the DHOST theory. References [34, 35] claimed that the measurement of the orbital
decay rate of the Hulse - Taylor binary pulsars constrains up to |β1| = O(10−3).
Moreover, the simultaneous fitting of the X-ray and lensing profiles of galaxy clusters
could reaches at |β1| = O(10−1) as mentioned in [34]. In our simulation, |β1| = O(10−1)
is allowed at lower redshifts as shown in Fig. 6. If we assume that β1 at local scales
could be extrapolated to cosmological scales, the Hulse-Taylor pulsar rules out almost
all the extended Horndeski models in Fig. 7. On the other hand, our models are still
compatible with the constraint on β1 from galaxy clusters.
• Very recently, the paper [85] claims that the instability of dark energy can be induced
by the kinetic - braiding interaction in the system of a compact binary. The insta-
bility is evaded if the kinetic - brading term in the Lagrangian is dropped off. In the
Horndeski theory, Q(φ,X) ∼ 0 is obtained, resulting in αM −αB/2 ∼ 0 from Eqs. (13)
and (15). In the DHOST theory, however, αM − αB/2 still deviates from zero due to
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the effects from F (φ,X), even after setting Q(φ,X) ∼ 0. This may indicate that the
parameter αB − αM/2 is significant to probe the DHOST theory.
• The redshift evolutions of (αM , αB − αM/2, β1) in the DHOST theory show the oscil-
latory features that are hardly realized in the Horndeski theory. The parametriza-
tion for the time evolution of αM and αB in cosmology is often assumed to be
monotonic in literature, such as αM,B(z) = αM,B(z = 0) × (1 − Ωm(z)) in [15] or
αM,B(z) = αM,B(z = 0) × (1 + z)−β in [83, 86]. Such parametrizations may approx-
imately work for the Horndeski theory as confirmed in this paper and [72], but is no
longer valid in the DHOST theory because of the oscillations.
After all, our predictions in the DHOST theory are still worth being tested by observations
at cosmological scales. For observations, the cosmological perturbations need to be studied
further in the DHOST theory, except for the linear growth of matter in the shift-symmetric
case [38]. In addition, it is significant to take into account the oscillatory behavior of
αB − αM/2, or β1 to trace their redshift evolution and compare with observational data.
VII. CONCLUSION
We have numerically investigated the DHOST theory after GW170817, i.e., DHOSTc2g=1
theory with the conventional matter at cosmological scales. We assumed the slow time evolu-
tion of the scalar field, |Xˆ| ≪ 1, particularly realizing the cosmic expansion of the late-time
acceleration and the matter dominant epoch. We numerically computed the conventional
EFT parameters, and found that the stable models that explain the cosmic acceleration
within the DHOSTc2g=1 theory framework have the following features:
• The Planck mass run rate, αM , is almost identical in all subclasses of the DHOSTc2
g
=1
theory, which makes difficult to distinguish the DHOSTc2
g
=1 theory from the Horndeski
theory. In general, αM has a negative value, αM ≤ −0.1, as found in the Horndeski
theory in [72].
• The kinetic brading parameter, αB, sensibly distinguishes the theories. In the region
that αB > −0.1, the Horndeski theory is clearly distinguished from the DHOSTc2
g
=1
theory.
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• αH and β1 are correlated by αH + 2β1 = O(|Xˆ2|), which is generically satisfied in the
DHOSTc2
g
=1 theory. The values of αH and β1 in our computation range from -0.2 to
0.2.
• The GLPV theory peculiarly predicts αH = O(|Xˆ|2), and deviates from the Horndeski
theory in αM and αB at the order of O(|Xˆ|2). This is due to the condition of β1 = 0.
This makes the discrimination of these theories difficult.
In conclusion, we note that the correlations among αM , αB, and αH , and β1 reduce the num-
ber of the characteristic parameters to three parameters. We propose that a parameter set
of (αM , αB−αM/2, β1) is the principal set to discriminate the subdivision of the DHOSTc2g=1
theory. We find that the common parameters αM and αB − αM/2 in the Horndeski and
DHOSTc2
g
=1 theories can differ by the oscillatory features in their redshift evolutions. Our
prediction on (αM , αB −αM/2, β1) can provide a broad opportunity to test the DHOSTc2g=1
theory for the cosmological surveys such as cosmic shear measurements [60–65] and up-
coming GW observations [72, 87]. We will address the constraints on (αM , αB − αM/2, β1)
quantitatively from the different observations in the future work.
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Appendix A: FRW background equations
The Friedman equations of the DHOST theory are
3M2∗H
2 = ρm + E , (A1)
M2∗ (2H˙ + 3H
2) = −pm −P , (A2)
where the effective mass, M2∗ = 2F . ρm and pm are the background energy density and
pressure of all the matter components together, while E and P are the background energy
density and pressure of the dark energy, which are defined as
E = −8FX φ˙2 − 12FX φ˙2H˙
+6
(
−Fφφ˙+QX φ˙3 +
(
2FX φ˙+
(
−A3 + 6FX
2
F
)
φ˙3 − 3A3FX
F
φ˙5 +
3
8
A23
F
φ˙7
)
φ¨
)
H
+2
((
−A3 + 6FX
2
F
)
φ˙3 − 3A3FX
F
φ˙5 +
3
8
A23
F
φ˙7
)
...
φ
+
((
−A3 + 6FX
2
F
)
φ˙2 +
(
2A3X − 9A3FX
F
+ 12
FX
3
F 2
− 24FXFXX
F
)
φ˙4
+6
(
5
16
A23
F
+
A3XFX
F
− A3FX
2
F 2
+ A3
FXX
F
)
φ˙6 +
(
−3
2
A3A3X
F
+
3
4
A23FX
F 2
)
φ˙8
)
φ¨2
((
−A3φ − 12FX
2Fφ
F 2
+ 24
FXFφX
F
)
φ˙4
+6
(
−A3φFX
F
+ A3
FXFφ
F 2
− A3FφX
F
)
φ˙6 − 3
4
(
2
A3A3φ
F
+
A23Fφ
F 2
)
φ˙8
)
φ¨
+(−2PX +Qφ)φ˙2 − P , (A3)
P = 1
2F
[
4
(
Fφφ˙− 2FX φ˙φ¨
)
H − 4FX φ˙
...
φ
+
(
− 4FX +
(
A3 − 6FX
F
+ 8FXX
)
φ˙2 + 3A3
FX
F
φ˙4 − 3
8
A23
F
φ˙6
)
φ¨2
+2
(
Fφ − (4FφX +QX)φ˙2
)
φ¨+ (2Fφφ +Qφ) φ˙
2 + P
]
. (A4)
We indicate the appearence of H˙ and
...
φ in the above Friedmann equations. By using the
spatial component of the Einstein equation, one can eliminate the H˙ and
...
φ in the temporal
component if necessary, and rewrite the second order Friedmann equations as mentioned in
[35, 88]. Here we are keeping H˙ and
...
φ in the equation without substitution because the
higher derivatives would not give any trouble in our numerical computation.
28
Appendix B: Expansion of the scalar field
Here we derive the scalar field evolution given in Eq. (21). Since we assume the slowly
varing scalar field, the scalar field φ can be expanded in the Taylor series in the conformal
look back time, τLB, as
φ(τLB) =
N∑
n=0
φ(n)(0)
n!
τLB
n , (B1)
where φ(n)(0) ≡ dnφ
dτn
LB
|
τLB=0
, and N is the truncation order of the Taylor series. We assume
that φ varies slowly in the lower redshifts and almost constant in higher redshifts. Therefore,
we truncate the seres in the third order, i.e., N = 3. Hence we obtain the form in Eq. (21).
φ(τLB) =Mφ
{
b0 + b1H0τLB +
b2
2
(H0τLB)
2 +
b3
6
(H0τLB)
3
}
, (B2)
where Mφ is the mass scale of φ at present. Notice that the range of bi is still arbitrary.
To determine Mφ and bi, we expand the LB time given in Eq. (B2) around a = 0, i.e., the
beginning of the Universe that we assume now. Then the expansion is not valid in the late-
time Universe, z < 1, but can be applied at least to the past of the Universe, z > 1, including
the era of the CMB recombination, z ∼ 103. We use a prior knowledge that the matter
dominates the Universe when a ≪ 1. We are also assuming that the Hubble parameter is
given by the ΛCDM model, which is approximated as H ∼ H0
√
Ωm0a−3(1 + (a/at)3). By
using it, we integrate and expand Eq. (19) in Taylor series,
τLB(a) =τLB(0)− 1
H0at
√
1− Ωm0
×
{
2
(
a
at
)1/2
+O
((
a
at
)7/2)}
, (B3)
where at ≡ (Ωm0/(1 − Ωm0))1/3, i.e., the scale factor at matter and cosmological constant
equality. Notice that the expansion in Eq. (B3) only depends on H0 and Ωm0, regardless
of the details of models we are interested in. Hereafter, we set the Hubble constant to
H0 = 67.8 km s
−1Mpc−1, and the total matter density parameter including the cold dark
matter and baryons to Ωm0 = 0.3080, as obtained by the Planck observation 2015 [4]. After
inserting τLB given in Eq. (B3) into Eq. (20), the φ is expressed in the scale factor a. φ(a)
is then given as
φ(a)/M˜φ = c0 +
N∑
i=1
ci(1− ai/2) . (B4)
Then we normalize φ at the limit of the early Universe so that
φ(τLB(a = 0)) = M˜φ . (B5)
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From Eq. (B2), we can calculate an asymptotic time evolution of φ as follows. From
Eq. (B2), the cosmic time derivative of φ, φ˙, is derived as φ˙ = −a−1dφ/dτLB = a−1H0(b1 +
b2H0τLB). For the matter dominant epoch, i.e., H
2 ∝ a−3, we obtain φ˙/H ∝ H−1/3. This
means that the time variation of φ becomes smaller in the past of the Universe.
Appendix C: The derivation of the EFT parameters and stability conditions
Here we introduce the EFT parameters, and the stability conditions in the class Ia
DHOST theory 2
1. EFT description of the Class Ia DHOST theory
The metric in the ADM form reads,
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt) , (C1)
where N is the lapse and Ni the shift vector. We define a time-like vector orthogonal to the
foliation, nµ, as nµ∂µ = (1/N,−N i/N). We take the time-like vector nµ proportional to the
gradient of φ,
∇µφ = −Anµ , (C2)
where A ≡ nµ∇µφ. V is defined as the time derivative of A as
V ≡ nµ∇µA . (C3)
The total action of (1) and (8) is given by
S =
∫
dtd3xN
√
gL , (C4)
L = P +Q2AK + F (R +KijKij −K2)− 2FφAK +
[
(A3 + A4)X + A5X
2
]
V 2
+ (4FX + A3X)AKV + (−4FX + A4X)∂iA∂iA , (C5)
where g = det[gij] andQ2(φ,X) satisfies Q = Q1+2XQ1X withQ1 ≡ 12
∫
dX(−X)3/2Q2(φ,X).
We choose the unitary gauge φ = t, which leads to ∇iφ = 0, and expand around the FLRW
2 The main arguments should be applicable to the more general class of the DHOST theory such that
A1 = −A2 6= 0.
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metric, i.e., ds2 = −dt2+a2δijdxidxj. By following the notation in [57] the quadratic action
for the EFT description is given as
S
(2)
EFT =
∫
dtd3xa3
M2
2
{
δKijδK
ij − δK2 +
(
δ
√
h
a3
R + δ2R
)
+ (1 + αH)RδN
+H2αKδN
2 + 4HαBδNδK + 4β1δKδV + β2δV
2 + β3viv
i
}
, (C6)
where δV and ai are given as
δV ≡ (δN˙ −N i∂iN)/N , (C7)
vi ≡ ∂iN/N . (C8)
Since the second term of δV in Eq. (C7) is at the second order of the perturbations, the
relation δV = δN˙ is enough for computing the EFT parameters. As a consequence of the
degeneracy conditions, β2 and β3 must satisfy the following conditions,
β2 = −6β21 , β3 = −2β1[2(1 + αH) + β1] . (C9)
Here we derive αB and αK in the following way. In the unitary gauge, A = φ˙/N and
V = φ¨/N2 at the background, both of which contains lapse function. Provided N = N¯+δN ,
we obtain the perturbed V as
V =
φ¨
N¯2
(
1− 2δN
N¯
)
− φ˙
N¯2
δN˙ . (C10)
Note that the second term in the first bracket in Eq. (C10) contributes to the perturbation of
the Lagrangian associated with the lapse function, consequently changing αK,B. Importantly,
the last term in Eq. (C10) does not only appear with β1,2,3, but also with αK by the cross
multiplication of the second term in the bracket and the last terms in V 2. We discuss this
more specifically in the next paragraph. Hereafter we set N¯ = 1.
To obtain the explicit forms of αK,B from the Lagrangian in Eq. (C5), we apply the same
computational strategy given in [29]. According the expansion shown in Eq. (C6), αB is
formally given as
αB =
2HLSN + LKN
4HLS , (C11)
where La ≡= ∂L/∂a and S ≡ KijKij . The straightforward computation of Eq. (C11) with
the choice N = 1 gives an explicit result, Eqs. (15) to (16). αK on the contrary is more
31
subtle to be computed. During the perturbation in terms of δN from Eq. (C5) to Eq. (C6),
the term δNδN˙ appears from the term icluding V 2 and AV . The partial integral on this
term, provides the additional terms in αK . The contribution from δNδN˙ appears in the
second term of the following equation,
αK =
2LN + LNN
2H2LS
− B˙ + 3HB
H2LS , (C12)
where B is given as
B ≡ −2φ˙φ¨X {3(A3 + A4) + 4A5X + (A3X + A4X)X + A5XX2}
− 3HX
{
(4FXX + A3XX + A3)X +
3
2
(4FX + A3X)
}
. (C13)
Notice that the GLPV theory, i .e., 4FX+A3X = 0, A3+A4 = 0 and A5 = 0, leads to B = 0.
In the conformal frame where we are working, the form of αK and αB become complicated
because δNδN˙ exists by choice of the conformal frame such that the scale factor obeys the
Friedmann equations in Eqs. (A1) and (A2).
By computing the first term in Eq. (C12), we obtain,
αHornK =
1
H2F
{
X(PX + 2XPXX −Qφ − 2XQφX)− 6φ˙HX(QX +XQXX)
}
, (C14)
αresK = −
12(XFX + 4X
2FXX)
F
− 12φ˙X(3FφX + 2XFφXX)
HF
− 2V 2
(
2β˜2 + 5Xβ˜2X + 2X
2β˜2XX
)
+ 6HAV
(
3β˜1 − 3Xβ˜1X + 2X2β˜1XX
)
− B˙ + 3HB
2H2F
,
(C15)
where we define β˜1 ≡ 4Fβ1/X and β˜2 ≡ Fβ2/X .
2. Stability conditions in the absence of matters
Here we derive the stability conditions for the scalar and tensor perturbation. We start
with the metric perturbation in the scalar sector. The metric is given as
g00 = −(1 + δN)2, g0i = gi0 = a2∂iχ, gij = a2(1 + 2ζ)δij . (C16)
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In the absence of matter, the quadratic action is
S(2) =
∫
dtd3xa3
M2∗
2
{
−6ζ˙2 + 12β1ζ˙δN˙ + β2δN˙2 + 12H
[
(1 + αB)ζ˙ − β1δN˙
]
δN
H2(αK − 6− 12αB)δN2 + 4
[
ζ˙ − β1δN˙ −H(1 + αB)δN
]
∂2χ
1
a2
[
2(1 + αT )(∂iζ)
2 + 4(1 + αH)∂iζ∂iδN + β3(∂iδN)
2
]}
. (C17)
The scalar perturbation is diagonalized with the quantity
ζ˜ ≡ ζ − β1δN , (C18)
and Eq. (C17) becomes
Sζ˜ =
∫
dtd3xa3
M2∗
2
[
Aζ˜
˙˜
ζ2 +Bζ˜
(∂iζ˜)
2
a2
]
, (C19)
where ψ is the curvature perturbation in the spatial metric. Notice that ζ˜ is not gauge
invariant quantity because of existing δN . Basic quantities that appear in the action in
Eq. (C19) are the coefficient on the kinetic terms and on the gradient term, Aζ˜ and Bζ˜,
respectively. In the class Ia DHOST theory Aζ˜ and Bζ˜ are given as,
Aζ˜ =
1
(1 + αB − β˙1/H)2
[
αK + 6α
2
B −
6
a3H2M2∗
d
dt
(a3HM2∗αBβ1)
]
, (C20)
Bζ˜ = 2−
2
aM2∗
d
dt
[
aM2∗ (1 + αH + β1)
H(1 + αB)− β˙1
]
, (C21)
Cζ˜ = 0 , (C22)
α = αK + 6α
2
B −
6
a3H2M2∗
d
dt
(a3HM2∗αBβ1) . (C23)
To have the positive definite linear Hamiltonian, the scalar perturbation must obey
Aζ˜ > 0 , Bζ˜ < 0 . (C24)
The spatial part of the metric is relevant for the tensor sector,
gij = a
2(δij + hij) . (C25)
The quadratic action for the tensor sector corresponding to the action Eq. (C4) is
S
(2)
h =
∫
dtd3xa3
M2∗
2
[
h˙2ij − (∂khij)2
]
. (C26)
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The condition for avoiding the ghost instability for the tensor perturbation is
M2∗ > 0 . (C27)
Accounting the matter is inevitable for explaining the late time Universe. In other words,
it is necessary to derive the stability conditions by including a matter other than the condi-
tion in Eq. (C24).
3. Gradient instability in the presence of conventional matter
We assume a matter component we look into is described by a barotropic perfect fluid,
i.e., pm = pm(ρm). The behavior of a barotropic perfect fluid is well mimiced by a massless
scalar field minimally coupled to gravity [89]. Although the detailed physical property of a
massless scalar field does not always exactly the same as that of a perfect fluid at certain
situations [90]. In our paper, we consider a massless scalar field as a conventional matter by
assuming in matching situations discussed in [89].
According to Gleyzes et. al. [91], the stablity conditions of the GLPV theory are different
from the Horndeski theory by nonzero αH . On top of that, the stability conditions of the
DHOST theory are also distinguishable from the GLPV theory. Here we argue the stability
condition of the DHOST theory in the presence of the convensional matter described by a
scalar field, σ, minimally couples to gravity as
Sm =
∫
d3xdtN
√
hP (σ, Y ) , Y ≡ gµν∂µσ∂νσ = −(σ˙ −N
i∂iσ)
2
N2
+ hij∂iσ∂jσ . (C28)
Notice that the inhomogeneity of σ exists in the unitary gauge. Then the matter field
perturbed as σ = σ0 + δσ, which leads to the quadratic order perturned matter action for
Eq. (C28)
S(2)m =
∫
d3xdta3
{
δ
√
h
a3
δNP +
(
δ
√
h
a3
+ δN
)
(PY δ1Y + Pσδσ)
+ PY δ2Y +
PY Y
2
δ1Y
2 + PY σδ1Y δσ +
Pσσδσ
2
2
}
, (C29)
with
δ
√
h
a3
= 3ζ , (C30)
δ1Y = 2σ˙
2
0δN − 2σ˙0δσ˙ , (C31)
δ2Y = −3σ˙20δN2 − δσ˙2 + 4σ˙0δσ˙δN + 2σ˙0∂iBδ∂iσ + hij∂iσ∂jσ . (C32)
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In the presence of the matter, the momentum constraint reads
δN =
1
H(1 + αB)− β˙1
(
˙˜
ζ +
ρm + pm
2M2
δσ
σ˙0
)
. (C33)
Then we introduce the quantity Qσ ≡ δσ− (σ˙0/H)ζ˜. Note that Qσ is not a gauge invariant
variable if β1 6= 0, eliminating δN . Inserting δN into Eq. C33 and rewriting in terms of ζ˜
and Qσ, the whole quadratic action of gravity and matter reads
S(2) =
∫
dtd3xa3
(
L˜ζ˜ + L˜Qσ + L˜ζ˜Qσ + (non derivative terms)
)
, (C34)
with
L˜ζ˜ =
M2∗
2
{
A˜ζ˜
˙˜ζ2 + B˜ζ˜
(∂iζ˜)
2
a2
}
, (C35)
L˜Qσ = −
PY
c2m
(
Q˙2σ − c2m
(∂iQσ)
2
a2
)
, (C36)
L˜ζ˜Qσ = −
2σ˙0PY
c2m(H(1 + αB)− β˙1)
(
(αB − β˙1/H) ˙˜ζQ˙σ − c2m(αB − β˙1/H − αH − β1)
∂iζ˜∂iQσ
a2
)
(C37)
A˜ζ˜ = Aζ˜ +
(ρm + pm)
H2M2∗ c
2
m
(
HαB − β˙1
H(1 + αB)− β˙1
)2
, (C38)
B˜ζ˜ = Bζ˜ −
ρm + pm
M2∗H
2
(
1− 2(1 + αH + β1)
1 + αB − β˙1/H
)
(C39)
C˜ζ˜ = Cζ˜ = 0 . (C40)
Here ρm + pm = −2σ˙20PY , and the sound speed of the matter is c2m ≡ PY /(PY − 2σ˙20PY Y ).
We rewrite the quadratic action in Eq. (C34) as
S(2) =
∫
dtd3xa3
M2∗
2
(
x˙TKx˙ + ∂ix
TG∂ix
a2
)
, (C41)
where x ≡ (ζ˜ , Qσ), and
K =

 A˜ζ˜ A(αB − β˙1/H)
A(αB − β˙1/H) −2PY /M2∗ c2m

 , (C42)
G =

 B˜ζ˜ −Ac2m(αB − β˙1/H − αH − β1)
−Ac2m(αB − β˙1/H − αH − β1) 2PY /M2∗

 , (C43)
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with
A =
−2σ˙0PY
HM2∗ c
2
m(1 + αB − β˙1/H)
. (C44)
To avoid the ghost and gradient instabilities of a cosmological solution, the eigenvalues of K
must be positive, and the eigenvalues of G must be negative. Since K and G are a symmetric
matrix, the necessarry and sufficient conditions of the stability is
Tr(K) > 0 and det(K) > 0 , (C45)
Tr(G) < 0 and det(G) > 0 . (C46)
Eqs. (C45) and (C46) with the null energy condition of the matter, i.e., PY < 0 leaves the
condition
Aζ˜ > 0, Bζ˜ +
ρm + pm
M2∗H
2
(
1 + αH + β1
1 + αB − β˙1/H
)2
< 0 . (C47)
Note that one can recover the stability condition in the absence of matter in Eq. (C24) from
the above equation , i.e, decoupling limit of the matter from gravity.
The stability conditions of the DHOST theory in the presence of matter have been derived
in ref. [35]. However, their conditions is slightly different than us in Eq. (C47). The
conditions in Eq. (C47) is continuously applicable toward the super horizon region, described
by the initial conditions on ζ˜ and Qσ. In fact, ζ˜ and Qσ recovers their gauge invariance in
the case of the GLPV, i.e., β1 = 0. In fact, the conditions in the paper [35] and Eq. (C47)
leads the same expression in the limit of β1 = 0. However, we admit that the variation of
the stability conditions is crucial for cosmology.
4. Basis dependency of the linear stability conditions
Here we show how a choice of the basis for the cosmological perturbation affects the
observables that we are interested in. We pick up three different choices of the bases; stab
wom,stab wm1, and stab wm2, and their respective stability conditions are
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stab wom : Aζ˜ > 0, Bζ˜ < 0 , M
2
∗ > 0 , (C48)
stab wm1 : Aζ˜ > 0, Bζ˜ +
ρm + pm
M2∗H
2
(
1 + αH + β1
1 + αB − β˙1/H
)2
< 0 , M2∗ > 0 , (C49)
stab wm2 : Aζ˜ +
ρm + pm
M2∗H
2
3β1(2 + 3c
2
mβ1)
(1 + αB − β˙1/H)2
> 0 ,
Bζ˜ +
ρm + pm
M2∗H
2
(
1 + αH + β1
1 + αB − β˙1/H
)2
< 0 , M2∗ > 0 . (C50)
Fig. 14 provide how the three filtering methods for the stability conditions affect the posterior
distribution of the characteristic parameters. We used the above stability conditions to filters
the models and plotted posterior distributions in Fig. 14. By comparing the top and bottom
figure of Fig. 14, we confirm that the distribution of the characteristic parameters are
unaffected by the choice of the basis in our interested redshift range.
In the deep matter dominant or radiation dominant epoch the basis may severely affect
the stability conditions. In fact, the additional terms appearing in the stability coefficients
without the matter could be compatible in the matter dominant epoch, namely ρm/3M
2
∗H
2.
We might need a more sophisticated and careful in stability analysis of those epochs.
This point, however, is beyond the scope of this paper. Hence, we conclude that a choice of
the basis for the stability condition of the scalar and the matter fluctuation is less important
for our late time Universe up to z = 2 for the assumptions of the slow-rolling scalar field.
In this paper, we have used the stability conditions obtained in the ref. [35] as our stability
filter to obtain the results in section V.
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